T he interference observed for a quanton, traversing more than one path, is believed to characterize its wave nature. Conventionally, the sharpness of interference has been quantified by its visibility or contrast, as defined in optics. Based on this visibility, wave-particle duality relations have been formulated for two-path interference. However, as one generalizes the situation to multi-path interference, it is found that conventional interference visibility is not a good quantifier. A recently introduced measure of quantum coherence has been shown to be a good quantifier of the wave nature. The subject of quantum coherence, in relation to the wave nature of quantons and to interference visibility, is reviewed here. It is argued that coherence can be construed as a more general form of interference visibility, if the visibility is measured in a different manner, and not as contrast. Quanta 2019; 8: 24-35.
Introduction
The phenomenon of interference was discovered long back in 1801 when Thomas Young performed his seminal experiment by making a light beam pass through two spatially separated paths, and observing bright and
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dark bands on the screen signifying interference [1] . This was a follow-up of the wave theory of light which he had been developing. Interference was understood as resulting from superposition of two waves, which add constructively or destructively at different locations. It was soon realized that in order to produce an observable pattern of interference fringes, the two waves must have a constant phase difference between them. This property of having a constant phase difference between two waves was called coherence. If the phase difference between two waves is not constant, one has to specify how much does the phase difference vary with time, or the degree of coherence. The degree of coherence decides how distinctly visible is the interference pattern.
As the field of classical optics developed, coherence was precisely defined in terms of a mutual coherence function, which is essentially a correlation function [2, 3] . If one considers two fields E 1 and E 2 emanating from two slits, there is a time difference, say τ, between their arrival at a point on the screen. The intensity on the screen due to the two slits can be represented as I = I 1 + I 2 + E 1 (t)E * 2 (t + τ) + E * 1 (t)E 2 (t + τ) = I 1 + I 2 + 2 ( E 1 (t)E * 2 (t + τ) ).
(
where the angular brackets denote an averaging over t, and I 1 , I 2 represent the respective intensities of the two fields at a point on the screen. If t is the time taken for the field to reach the screen from the slits, it can be represented in terms of the field at the slits, at an earlier time: E 1 (t) = K 1 E 1 (0), E 2 (t + τ) = K 2 E 2 (τ), where of the field at the slits, as
The visibility of the interference fringes is conventionally defined as [2] V = I max − I min I max + I min ,
where the notations have the usual meaning. It can be easily seen that in this case the visibility turns out to be V = , because K 1 , K 2 cancel out from the expression. For identical width slits which are equally illuminated, the visibility reduces to
Thus we see that this fringe visibility is a straightforward measure of coherence of waves coming from the two slits. Later the field of quantum optics was developed and a quantum theory of coherence was formulated [4, 5] . However, the quantum theory of coherence closely followed the earlier classical formulation, except that the classical fields were replaced by field operators and the averages were replaced by quantum mechanical averages [6] . The coherence function was still the correlation function of fields. In analyzing a double-slit interference experiment using quantum optics, the fringe visibility continued to be related to the mutual coherence function γ 12 via Eq. (4).
For theoretically analyzing interference experiments done with quantum particles, e.g. electrons, and experiments like Mach-Zehnder interferometer where paths traversed are discrete, it is more convenient to use quantum states and density operators. In such situations, Eq. (4) is generalized to
where ρ 12 represents the off-diagonal part of the density matrix of the quanton, in the basis of states representing quanton in one arm of the interferometer or the other. The diagonal parts of the density matrix, ρ 11 and ρ 22 , represent the probability of the quanton passing through one or the other arm of the interferometer.
Wave-particle duality
The fringe visibility given in Eq. (3) formed the basis of all later work on wave-particle duality. It was taken for granted that the fringe visibility captures the wave nature, and hence the coherence, of the interfering quanton, in all interference experiments. When Bohr proposed his principle of complementarity in 1928 [7] , the two-slit interference experiment (see Figure 1 ) became a testbed for it. For the two-slit experiment, Bohr's principle implies that if one set up a modified interference experiment in which one gained complete knowledge about which of the two slits the quanton went through, the interference would be completely destroyed. Acquiring knowledge about which slit the quanton went through, would imply that the quanton behaved like a particle, by going through one particular slit. The wave nature was of course represented by the interference pattern. Wootters and Zurek [8] were the first ones to look for a quantitative statement of Bohr's principle. They studied the effect of introducing a path-detecting device in a two-slit interference experiment. They found that acquiring partial information about which slit the quanton went through, only partially destroys the interference pattern. This work was later extended by Englert who derived a wave-particle duality relation [9] 
where D is the path-distinguishability, a measure of the particle nature, and V the visibility of interference, as defined by Eq. (3). The inequality saturates to an equality if the state of the quanton and path-detector is pure, unaffected by any external factors like environment induced decoherence.
The issue of wave-particle duality was looked at, using a different approach, by Greenberger and Yasin [10] . In an interference experiment which is distinctly asymmetric, either because of unequal width of the slits, or because of the source being unsymmetrically placed with respect to the two slits, the quanton would be more likely to pass through one of the slits, than the other. One could make a prediction about which slit the quanton went through, and would be right more than 50% of the times. They argued that the predictability means the quanton is partially behaving like a particle. They derived the following duality relation for such an experiment [10] 
where P is the path-predictability, and V the visibility of interference, given by Eq. (3). Subsequently, wave-particle duality for two-path interference has been studied in various settings and modifications [11] [12] [13] [14] [15] [16] , and the same definition of visibility (3) has been used to characterize wave nature of a quanton.
Multi-path interference
Jaeger, Shimoni and Vaidman were the first to suggest that one should also probe complementariy in a n-path interference [16] . It is natural to expect that one should be able to quantitatively formulate Bohr's complementarity principle for n-path interference. Two essential ingredients needed for such a study would be a definition of distinguishability for n paths, and probably also a fringe visibility. A lot of effort was made in this direction [16] [17] [18] [19] [20] [21] [22] , but a satisfactory n-path duality relation remained elusive.
In 2001, Mei and Weitz carried out multi-beam interference experiments with atoms, where they scattered photons off selected paths, in order to generate controlled decoherence [23] . Surprisingly, they found that there can be situations where increasing decoherence can actually lead to an increase in the fringe contrast or visibility, as given by (3) . The results seemed to fly in the face of the basic idea of complementarity that any increase in path knowledge, should lead to a degradation of interference. However, the authors concluded that the fringe contrast or visibility, as given by (3), is not sufficient to quantify sharpness of interference. Based on the results of this experiment, Luis [20] went to the extent of claiming that for multi-path quantum interferometers the visibility of the interference and 'which-path' information are not always complementary observables, and consequently, there are path measurements that do not destroy the interference.
Contrast in multi-beam interference

Three-path interference
In an interesting work, Bimonte and Musto [21] analyzed the visibility given by (3) for multi-beam interference experiments. They argued that the traditional notion of visibility is incompatible with any intuitive idea of complementarity, but for the two-beam case [21] . In the following we rephrase their argument, as it expounds the need for a new visibility.
Consider a quanton passing through n paths, such that the state corresponding to the k'th path is |ψ k . This can happen because of a beam-splitter or because of the quanton passing through a multi-slit. In general, its density operator may be written as
which may in general be mixed. It is quite obvious to see that, i ρ ii = 1, where ρ ii represents the fractional population of the i'th beam. Let us assume that the phase in the j'th beam gets shifted by θ j , such that when the quanton comes out, its state is
After coming out, the beams are combined and split into new channels, whose states may be represented by |φ i . For simplicity, we assume that all the original beams have equal overlap with a particular output channel, say |φ i . This amounts to
The probability I of finding the quanton in the i'th channel is then given by I = φ i |ρ|φ i . For the present case, this probability is given by
In order to keep the analysis simple, we assume that all phases in the beams can be independently varied. That's what allows us to use the absolute value of ρ jk in the above expression, and absorb all phases associated with it in θ j , θ k . The probability attains its maximum when θ j − θ k = 2mπ for all j, k, where m is an integer. The condition for the minimum is not as straightforward, and depends in general on the number of paths n. A typical three-slit interference setup and interference pattern is depicted in Figure 2 .
Next we consider a scenario where the quanton may get entangled with an ancilla system, which could be an effective environment or possibly a path-detecting device. If the ancilla system is initially in a state |χ 0 , the resultant combined state of the quanton and the ancilla, after their interaction, will be of the form
where |χ i are certain ancilla states, assumed to be normalized, but not necessarily orthogonal to each other. Since we are only interested in the behavior of the quanton, we will trace over the states of the ancilla, to get a reduced density operator
The probability I of finding the quanton in the i'th channel, in this new case, is given by
Now, since the ancilla can get path information, it should always degrade the interference, except for the trivial case of all |χ i being identical. Consequently, any meaningfully defined visibility should be smaller for I than for I. The visibility defined in (3) should then satisfy V ≤ V. Following Bimonte and Musto, we consider a three-beam interference, where the density matrix is given by
For the 3-path interference, maximum intensity occurs when all cosines are equal to +1, and minimum intensity occurs when all cosines are equal to − 1 2 . Using Eq. (15), one finds I max = |α| 2 (1 + 2λ), and I min = |α| 2 (1 − λ). Consequently, fringe visibility is
One might like to pause here, and compare this relation with the fringe visibility for two slits, (5) . While the visibility for two slits was simple, the one for 3-slits contains a denominator too. This is simply because I max + I min sits in the denominator, and is independent of ρ jk only for the case of two slits. One can easily guess that this term will be more complicated once we move on to four or five slits.
We next look at the case where the quanton is entangled with the ancilla. Let us consider the scenario where χ 1 |χ 2 = 1 and χ 1 |χ 3 = χ 2 |χ 3 = 0. The reduced density matrix, in this case, has the following form
Bimonte and Musto calculated the fringe visibility in this case to yield [21] 
and argued that V can become larger than V. One can easily see that this claim is wrong, simply because for 3 4 < λ < 1, V becomes larger than 1. The very definintion of visibility (3), guarantees that it cannot be greater than 1. Since out of six off-diagonal elements of the density matrix, only two are non-zero, only one cosine term matters. Maximum intensity will be when the cosine is +1 and minimum, when it is −1. This leads to I max = |α| 2 (1 + 2λ/3), and I min = |α| 2 (1 − 2λ/3), which leads to the correct visibility
One can verify that V < V for any value of λ. So, although Bimonte and Musto failed to demonstrate the inadequacy of Eq. (3) to quantify the wave nature, we will show that is possible to do that for four-path inteference. However, from the preceding analysis we are able to show that the expression for visibility gets more complex as the number of slits increase, and it looks unlikely that one can get simple duality relations involving visibility for n > 2.
Four-path interference
Let us analyze a four-path experiment similar to that studied by Mei and Wietz [23] .
If there is no path-detection or decoherence involved, χ k |χ j = 1 for all j, k, and the density matrix of the quanton is given by
In order to simulate a typical four-slit interference, let us assume that all the phases depend on a single parameter θ such that θ k = kθ, k ∈ {1, 2, 3, 4}. Using Eqs. (11) and (21), the intensity is now given by
The maximum of the intensity occurs for θ = 0, giving I max = 4|α| 2 . Minimum intensity is obtained when (say) θ = π 2 , and is given by I min = 0. The visibility V = 1, as expected. Now suppose the quanton is entangled with the ancilla, and ancilla states are such that |χ 1 , χ 2 , χ 3 are all exactly same, and |χ 4 is orthogonal to them. This will lead to χ i |χ 4 = 0, i ∈ {1, 2, 3}. If the ancilla were a path detector, this situation would imply that the path detector can only tell if the quanton passed through path 4 or not. It is completely neutral to all the other three paths. The reduced density matrix of the quanton is then given by
Using Eqs. (14) and (22), the intensity is now given by
The maximum of the intensity occurs again for θ = 0, and is given by I max = 5 2 |α| 2 . Minimum intensity is obtained when θ = . Now let us consider a new scenario, similar to the one proposed by Mei and Weitz, where the 4th path is given an additional phase π, such that θ 4 = 4θ + π. However, the rest of the phases remain as before, θ k = kθ, k ∈ {1, 2, 3}. The intensity in this scenario is given by The maximum of the intensity occurs for θ = 4 . As one can see, this is a queer case where even though the state is pure, and the quanton is equally likely to go through any path, the visibility is less than 1. Such a thing can never happen for two-path interference. Figure 3 represent a four-path interference in such a specialized scenario.
In the presence of the ancilla of the form described in the preceding discussion, all the off-diagonal terms involving path 4 are zero, and the reduced density matrix is again given by (22) . Hence the effect of the addition phase π for the fourth path, also disappears here. The intensity now is given by
The maximum of intensity is obtained when θ = 0, leading to I max = 5 2 |α| 2 . Minimum intensity is obtained when θ = , and we get a very counter-intuitive result, V > V. Getting selective path information about the quanton, increases the fringe visibility. Bohr's complementarity principle implies that getting any path information about the particle, should always decrease the wave nature of the quanton. Assuming that Bohr's principle should always hold true, we conclude that visibiliy V, as given by (3), is not a good measure of the wave nature of a quanton in multi-path interference.
A duality relation for 3-slit interference
In a radically different approach to quantify pathknowledge, a new path-distinguishability was introduced for three-slit interference [24] , based on unambiguous quantum state discrimination [25] [26] [27] [28] . The new path distinguishability is denoted by D Q , and duality relation for three-slit interference, that was derived, is
where the visibility V is same as (3). This duality relation correctly generalizes Bohr's principle of complementarity to three-slit interference. However, the elegance seen in the duality relation for two-slit interference, (6) , is missing from its form. One might suspect that it might suffer from the problems pointed out by Mei and Weitz [23] , but that has not been demonstrated.
Coherence: a new measure of wave nature
As argued earlier, in quantum optics, coherence was formulated in terms of correlation function of field operators. This approach works quite well for quantum optics, however a general definition of coherence, grounded in quantum theory, was missing. A new measure of coherence was introduced by Baumgratz, Cramer and Plenio in a seminal paper [29] . It is just the 1 norm of the offdiagonal elements of the density matrix, in a particular basis. In the context of multi-path interference, the basis states can be the states of the quanton corresponding to its passing through various paths. Based on Baumgratz, Cramer and Plenio's measure, one can define a normalized coherence as [30] C
where ρ jk are the matrix elements of the density operator of the quanton in a particular basis, and n is the dimensionality of the Hilbert space. In the context of multi-path interference, n would be the number of slits and the basis states would be the states corresponding to various paths the quanton can take. The value of C is bounded by 0 ≤ C ≤ 1. It has been argued that this measure of quantum coherence, can be a good quantifier of wave nature of the quanton. We test out C for the previous case of 4-path interference with one path having an additional phase π, where V gave a counter-intuitive result. From the definition of C one can see that it does not depend on the phases at all. Coherence for this case is given by
So, coherence turns out to have its maximum possible value C = 1 for this pure quanton state, as it should be. Contrast this with V = 3 4 for the same case. Next let us calculate the coherence for the case where the ancilla is also present, the case represented by (22) . It is straightforward to calculate
So we get C < C, in full agreement with Bohr's principle of complementarity. Coherence turns out to be a better quantifier of wave nature, as compared to conventional visibility, in this respect. Coherence C should then be the right measure to be used in formulating wave-particle duality relations for multi-path interference. The new path-distinguishability defined for three-slit interference can be generalized to n-slits [24] . This distinguishability, when combined with coherence C, yields an elegant wave-particle duality relation [30] D
for n-path interference. The form of this duality relation is different from Eq. (6). However, one can also formulate a n-path duality relation which is of the same form as Eq. (6), if one uses a different definition of pathdistinguishability (see [31] )
Very recently, a duality relation between pathpredictability (not path-distinguishability) and coherence has also been formulated for n-path interference (see [32] )
where P is a path-predictability. This relation generalizes the duality relation of Greenberger and Yasin (7) to n-path interference. All three of these duality relations saturate for all pure states. Apart from the above works, there have been other investigations into wave-particle duality for multi-path interference [33, 34] . Coherence has proved to be a very versatile tool and has been used in studying a variety of situations where it arises due to the lack of distinguishability which is different from path distinguishability in multi-path interference. For example, recently it has been shown that in double parametric pumping of a superconducting microwave cavity, coherence between photons in separate frequency modes can arise because of the absence of which-way information in the frequency space [35] . Similarly, in a double spontaneous down-conversion processes, it has been shown that coherence in photons in the signal is induced due to lack of which-path information for the photons emitted in the idler [36] . Coherence has also found applications in quantum metrology [37] . Coherence arising out of indistinguishability of identical particles has been shown to be useful in quantum metrology [38] .
Coherence as a new visibility
With the three duality relations described in the preceding subsection, it appears that the problem of generalizing the quantitative statement of Bohr's complementarity, to n-path interference, is solved. However, one might still ask how this coherence C is connected to interference. This question has been the subject of some recent investigations [39, 40] . To address this question we again consider a quanton going through n paths. Equation (11) gives us the probability for a quanton to be found in a particular output channel, which looks like the following:
The second term in the large brackets is the one which signifies interference. In addition to the interference between various paths, there is also a probability associated with the quanton passing through an individual path. The first term just represents the sum of these probabilities corresponding to each path. A typical unsharp interference pattern is shown in Figure 4 . If the interference is absent, one would only see a broad Gaussian distribution of intensity, represented by the blue curve in Figure 4 .
Conventional visibility, given by Eq. (3), is calculated using the intensity difference between a maximum and a nearby minimum, represented by the dashed line on the left of the central maximum in Figure 4 . Now suppose we define a new visibility V C by taking the difference between the intensity at a primary maximum and the intensity at the same position if there were no interference. This is represented by the dashed line to the right of the central maximum in Figure 4 . We would like to scale this difference with the intensity at the same position if there were no interference. In addition, we would like to scale it with (n − 1), the reason for which will become clear later. So, our new visibility will look like the following:
where I inc represents the intensity at the position of a primary maximum if the source is made incoherent, and the interference is destroyed. How would one obtain I inc ? One example may be by introducing a phase randomizer in the path of light before it enters the multi-slit, something that is used in some modern optics experiments. From our example (30) , these intensities can be calculated. As mentioned before, I max corresponds to the intensity when all the cosines are equal to +1. If some phases of the paths are fixed in such a manner that making all cosines equal to +1 is not possible, this analysis cannot be used. The following can then be easily inferred.
Using (32) the new visibility can be written as
Comparing with Eq. (24) we see that this is just the coherence of the quanton, C. So, the new way of measuring visibility yields the value of coherence. In other words, in multi-path intereference, coherence is a measurable quantity and can be inferred by measuring the intensities of the interference, although by a more involved method. What is presented here, is an idealized version of interference. In reality the incoming state could be a wave-packet, and the slits could be of finite width. In addition, one may wonder if the position, at which the intensities are measured, makes a difference to the visibility. All these issues have been addressed in a more detailed analysis [40] .
For two-slit interference we can compare V C with V. For n = 2, the new visibilty is given by
which is exactly the same as the traditional visibility (5). So, for two-slit interference, V C has the same value as V. This is something that nobody could have guessed, that two different ways of measuring visibility will yield the same answer.
Getting an experimental handle on coherence was a difficult task, mainly because it is defined only in terms of the density matrix, in a particular basis. In a multislit experiment for example, the basis is not well defined, not to speak of the elements of the density matrix. The prospect of measuring coherence from the interference pattern has opened up new possibilities [41] [42] [43] .
Coherence can be experimentally measured by the method described in the preceding discussion in most scenarios. However, in an experiment like that of Mei and Weitz, the phases of the paths are arranged in such a manner that getting path information changes the very character of the interference pattern, instead of just degrading it. In such a situation the procedure to measure coherence from the interference pattern in Ref. [40] , fails. As one can see from Figure 3 , the interference does become sharper, as path information is extracted. However, we have seen from the preceding discussion that coherence C does decrease with increasing path information, even though the interference becomes sharper. So, it might look like there is no hope of getting C from the interference in such a situation. However, very recently it has been demonstrated that in multi-path interference, coherence can be measured from interference in a rather unconventional way [44] . The idea is the following. Instead of measuring the visibility of a multi-path interference directly, one blocks n − 2 paths, and lets only two paths i, j be open. Then what one gets is just a two-path interference, whose visibility is given by (5) as One can repeat this procedure by opening another pair of paths, and measure V i j for that. If all paths are equally probable, ρ ii = ρ j j = 1 n . The average visibility of all the n(n − 1)/2 pairs of paths is given by V = 2 n(n−1) pairs
which is exactly the coherence C defined by (24) . So, coherence can be measured as the average two-path visibility over all path pairs, by selectively opening only one pair of paths at a time. If all paths are not equally probable, coherence can be measured in a slightly different way [44] C = 1 n−1 pairs
where ρ ii can be interpreted as the measured relative intensity in the i'th path. This method of measuring C works in all kinds of multi-path interference experiments, even in an experiment like that of Mei and Weitz [23] . One might wonder if, what has been looked at in the preceding analysis, is enough to accord the status of a new visibility to coherence, or may there be some more conditions still desired. A very thorough analysis of the issue had been done by Dürr while looking for a new visibility and new predictability for multi-path interference. He suggested that any newly defined visibility should satisfy the following criteria [17] (1) It should be possible to give a definition of visibility that is based only on the interference pattern, without explicitly referring to the matrix elements of ρ . (4) If ρ represents a pure state (i.e., ρ 2 = ρ) and all n beams are equally populated (i.e., all ρ j j = 1 n ), visibility should reach its global maximum.
(5) Visibility considered as a function in the parameter space (ρ 11 , ρ 12 , . . . , ρ nn ) should have only global extrema, no local ones.
(6) Visibility should be independent of our choice of the coordinate system. Coherence, as defined by Eq. (24) , satisfies all of Dürr's criteria. Thus, one can confidently accord it the status of visibility for multi-path interference.
When things started out with interference in classical waves, coherence was the quantity that turned out to be related to the visibility in two-path interference. As quantum optics developed, Glauber's coherence function [6] turned out to be related to visibility of interference of light on the quantum scale. Later, when interference of particles started being analyzed, using quantum states, coherence was dropped and the visibility took its place. The reason for this was, probably, a missing general enough definition of coherence in the quantum domain. This was one of the stumbling blocks which stalled the generalization of Bohr complementarity, from two-path to multi-path interference. The other stumbling block was that the way in which path-distinguishability was defined by Englert [9] , provided no natural way for generalization to the multi-path scenario. A new definition of pathdistinguishability, based on unambiguous quantum state discrimination, provided a natural generalization to multipath distinguishability [24] .
A new definition of coherence by Baumgratz, Cramer and Plenio [29] removed the stumbling block in quantifying the wave nature in multi-path interference experiments. It led to the formulation of universal wave-particle duality relations for multi-path interference [30] [31] [32] . Now that coherence given by Eq. (24) has proved to be a good visibility of interference, coherence can again be accorded the position of the quantifying measure of the wave nature of quantons.
Lastly, in certain specialized scenarios in multi-path interference, where the phases in the paths cannot be varied independently, like the one represented by Figure 3 , the interference pattern itself may not be able to represent the wave nature of the quanton properly. We recall the conclusion of Luis [20] , namely, that there are path measurements that do not destroy intreference. Contrary to that, we would like to stress that any path measurement will necessarily degrade the coherence of the quanton. Coherence remains a good measure of wave nature even in such scenarios. Not only that, it can always be measured from interference, although in a slightly nontrivial way [44] .
